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Abstract 

In mathematics, systems are often complex, requiring great amounts of work to fully solve. To 

combat this, mathematicians often employ the strategy of imposing constraints on the system. 

This work uses this strategy in relation to the difference of two numbers raised to the same 

power. The two base numbers are given the constraint of only having a difference of one, leading 

to the formulas that describe the resulting patterns. One of the more popular topics that arise 

from this is the use of Pascal’s Triangle to highlight patterns among appearing binomial 

coefficients. The formulas resulting from this work can be applied to several topics in number 

theory problems, including the Pythagorean triples, sum of three cubes, and Mersenne Primes. In 

addition to preliminary applications, some of the pure mathematics needed to prove these 

formulas, including combinatorics and mathematical induction, are discussed. In order better 

visualize the work, Minecraft is used as a way to display the simplest cases. Finally, as an 

overarching theme, this research exemplifies what mathematicians can do with a single pattern 

and unquenchable curiosity.  
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Introduction 

In high school, I loved math tricks; the kind I could use to wow my friends. One such trick was 

doing square roots in my head. I had reasoned that the decimal portion of the square-root of a 

number is approximately equal to the proportion between the two nearest perfect squares. For 

example, if I were to try to approximate √70, I would first notice 70 falls between 82 and 92. I 

would then find the difference between 82 and 92, 81 − 64 = 17, and the difference between 82 

and 70, 70 − 64 = 6. I would then calculate that first two or three decimals of  6 17⁄  , which comes 

out to 0.353, and claim that √70 ≈ 8.353. While this is a fun mental-math parlor trick, its 

significance to my work came about in the step where I would take the difference of squares.  

As I performed the trick more and more, I noticed a pattern when I calculated the difference of 

squares. After some searching, I came to the conclusion that if 𝑥 and 𝑦 were consecutive integers 

with x > y then x2 − y2 = 2x − 1 or 2y + 1. It was not until later that I realized that these 

statements could simplify into "when x − y = 1, then x2 − y2 = x + y" and it was even later when 

I fully understood why this happened. After I made my initial discovery concerning the difference 

of consecutive squares, my first instinct was to inspect consecutive cubes. I after spending a 

considerable amount of time looking over a spreadsheet of values, I found the pattern x3 − y3 =

3xy + 1. Now I was hooked. I was sure that if I had found patterns from powers of 2 and 3 then 

they likely existed for higher powers as well. It was about this time that I began to understand that 

the patters could be derived by factoring out (x − y) from xn − yn and then simplifying the 

polynomial using x = y + 1, y = x + 1, and x − y = 1.  

 



 Hallmark 4 

 

I began simplifying these polynomials by hand, going all the way up to n = 8 when I started to 

notice a pattern in the equations. The odd powers were giving coefficients using the rows of pascals 

triangles on xy raised to some exponent lower 𝑛. I decided to try to generalize the patterns I saw 

using summation notation. I struggled through a large amount of trial and error before I realized 

that the general form contained a double sum. After this revelation, I hit another road block that 

stumped me longer than any other. I could predict the almost every part of the equation except the 

coefficients that went outside the second sum. It was months later when I had the epiphany that 

the coefficients traversed down the columns of pascals triangle as well as across the rows and the 

odd powers formula was complete. A while later I set my eyes on the even powers, expecting a 

much harder challenge than before, but with the knowledge of vertical traversal through the 

triangle my generalized form came about much faster for the evens case. 

At this point I had already spent two years working on this project in my spare time. I had graduated 

high school and was headed to college. That is when I came across Dr. Jason Elsinger at Florida 

Southern College. Dr. Elsinger helped me drastically clean up my formulas, improving the overall 

visual appeal and use of mathematical conventions. Then we set out to prove the formulas using 

induction.  

Before moving forward, it should be noted that the basic equation being studied is described as 

(1) 𝑥𝑛 − 𝑦𝑛 = (𝑥 − 𝑦) ∑ (𝑥𝑛−𝑖𝑦𝑖)𝑛
𝑖=0 ,  

where x and y are real numbers, and n is a positive integer. The assumption applied to this equation 

is  

(2) 𝑥 − 𝑦 = 1.  
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From this assumption, the two identities, 𝑥 = 𝑦 + 1 and 𝑦 = 𝑥 − 1, are used to manipulate the 

original equation into two new and unproven formulas; those formulas can be expressed as 

(3) 𝑥2𝑛 − 𝑦2𝑛 = (𝑥 + 𝑦) ∑ (
𝑛 + 𝑖

2𝑖 + 1
) 𝑧𝑛−𝑖−1𝑛−1

𝑖=0  and 

(4) 𝑥2𝑛+1 − 𝑦2𝑛+1 = 1 + ∑ ∑
2𝑛+1

2𝑗+1
(

2𝑗 + 𝑖
𝑖

) (
𝑛 − 𝑗 − 1

2𝑗 + 𝑖
) 𝑧𝑛−𝑗−𝑖𝑛−3𝑗−1

𝑖=0

𝑛−1

3

𝑗=0
, 

where x and y are real numbers, n is a positive integer, and 𝑧 = 𝑥𝑦. The first formula is used for 

numbers raised to even powers while the second is for numbers raised to odd powers. This is shown 

through the fact that in (3) the exponent reads 2𝑛, which will always be an even number, and in 

(4) the exponent is 2𝑛 + 1, which is always an odd number.  

 

Method and Results 

Induction 

Given (3) and (4) were originally unproven concepts, a majority of the research effort is focused 

on proofs. Within two years of arriving at college, (3) has been entirely proven using a method 

called mathematical induction. The induction process can be equated to logic that may be applied 

to a line of dominos. It is easy to show that once the first domino is pushed, it will fall over. 

Similarly, if an arbitrary pair of dominos along the line are examined, it can be reasoned that if the 

first one of the pair falls, so will the second. These step wise logic can then be applied to the entire 

line of dominos, proving that if the first falls, so will all the rest.  

To show how this method works, the right side of equation (3) is simplified to equal 𝑃(𝑛) such 

that the equation now reads: 
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(5) 𝑥2𝑛 − 𝑦2𝑛 = 𝑃(𝑛). 

 From this point, the induction process follows three steps. The first step is to check a very simple 

case called “the base case.” This is equivalent to showing the first domino falls if it is pushed. For 

these equations, the base case is when 𝑛 = 1. In this instance, the formula takes the form 

(6) 𝑥2 − 𝑦2 = 𝑃(1) = 𝑥 + 𝑦.  

This case is shown to be true using 𝑛 = 2 in (1) and the assumption of (2): 

 𝑥2 − 𝑦2 = (𝑥 − 𝑦)(𝑥 + 𝑦) = (1)(𝑥 + 𝑦) = 𝑥 + 𝑦.   

Now that 𝑃(𝑛) has been shown to work for at least one basic value, the next step is that the 

assumption is then made that it works for some arbitrary value define as 𝑛 = 𝑘. This is equivalent 

to assuming that the first domino in the arbitrary pair will fall over. This assumption when applied 

to the evens formula produces 

(7) 𝑥2𝑘 − 𝑦2𝑘 = 𝑃(𝑘).  

Then the final step is to prove the case of 𝑛 = 𝑘 + 1. This is the equivalent to showing the second 

domino in the pair falls if the first one does. For this formula it appears as  

(8) 𝑥2(𝑘+1) − 𝑦2(𝑘+1) = 𝑃(𝑘 + 1), 

using equation (7). After the completion of all three steps, the final product is that given any 

beginning value of 𝑃(𝑛), 𝑃(𝑛 + 1), which is the next value of the formula, can be found. This 

then shows that the formula is proven.[9] 

This is the process that was used to prove that (3) is true. Much of the actual work for this process 

comes in the final step of the induction process, where the equations are manipulated in ways that 
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are often obscure and indirect in order to motivate the desired outcomes. When executing the final 

step for (3), the proof began in this way: 

(9) 𝑥2(𝑘+1) − 𝑦2(𝑘+1) − (𝑥2𝑘 − 𝑦2𝑘) = (𝑥2𝑘+2 − 𝑥2𝑘) − (𝑦2𝑘+2 − 𝑦2𝑘) 

(10)                                                               = 𝑥2𝑘(𝑥2 − 1) − 𝑦2𝑘(𝑦2 − 1) 

(11)                                                               = 𝑥2𝑘(𝑥𝑦 + 𝑦) − 𝑦2𝑘(𝑥𝑦 − 𝑥) 

(12)                                                               = 𝑥2𝑘(𝑥𝑦 − 𝑥) − 𝑦2𝑘(𝑥𝑦 − 𝑥) + 𝑥2𝑘(𝑥 + 𝑦) 

(13) 𝑥2(𝑘+1) − 𝑦2(𝑘+1) − (𝑥2𝑘 − 𝑦2𝑘) = (𝑥2𝑘 − 𝑦2𝑘)(𝑦2 − 1) + 𝑥2𝑘(𝑥 + 𝑦) 

(14)                             𝑥2(𝑘+1) − 𝑦2(𝑘+1) = y2 × (𝑥2𝑘 − 𝑦2𝑘) + 𝑥2𝑘(𝑥 + 𝑦). 

These six lines of algebraic work are used to create the relationship 𝑃(𝑘 + 1) = 𝐴 × 𝑃(𝑘) + 𝐵 as 

seen in (14), where 𝐴 = 𝑦2 and 𝐵 = 𝑥2𝑘(𝑥 + 𝑦). This identity is accomplished through a series 

of mathematical manipulations. In (9), the left-hand side of the equation is 𝑃(𝑘 + 1) − 𝑃(𝑘) while 

the right-hand side is a reordering of the terms on the left. (10) is a factorization of the right-hand 

side of (9) given that 𝑥𝑛+𝑚 = 𝑥𝑛𝑥𝑚. In (11), the identities that arise from (2) are used to rewrite 

the inside of the parentheses. (12) forces the two values inside the parentheses to be equal, 

compensating for the change by adding the additional term that is 𝐵. In (13), the right-hand side is 

again factored based on the matching parentheses, and the value inside the parentheses is returned 

to the form found in (10). The final step is to add 𝑃(𝑘) to both sides, canceling the one on the left 

and removing the −1 from the 𝑦2 on the right.  

These are the opening steps that laid the foundation for the entire proof. 

Combinatorics 

While the proof shows that (3) is true using mathematical induction, the route to proving (4) is 

much less clear. There are four major components that make (4) a much more difficult equation to 
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prove: the +1 term at the beginning; the double sum; the inclusion of a fraction; and the addition 

of a second binomial coefficient. These four items increase the complexity of the equation and, 

therefore, make an already difficult task much harder. To combat this increase in difficulty, 

combinatorics was implemented as a proofing technique.  

One of the more fundamental aspects of combinatorial proofs is the concept of the n choose i 

notation and binomial coefficients. Besides being a way to select a value from Pascal’s Triangle, 

n choose i is also a definition based on mathematical operations, which can be shown as 

(15) (
𝑛
𝑖

) =
𝑛!

𝑖!(𝑛−𝑖)!
, 

The identity shown in (15) can be used to form an equation known as Newton’s Binomial 

Expansion, 

(16) (𝑎 + 𝑏)𝑛 = ∑ (
𝑛
𝑖

)𝑛
𝑖=0 𝑎𝑖𝑏𝑛−𝑖. 

This equation is easy to illustrate at small values of n, such as when 𝑛 = 2:  

(17) (𝑎 + 𝑏)2 = 𝑏2 + 2 × 𝑎𝑏 + 𝑎2. 

Note that coefficients for each term on the right-hand side, 1, 2, 1, make up the third row of Pascal’s 

Triangle, see Figure 1. Additionally, these coefficients represent the number of times each term 

appears when working out the expansion. Thus, there is one 𝑏2 term, one 𝑎2 term, and two 𝑎𝑏 

terms.[6] This portion of binomial coefficients – counting the number of terms from an expansion 

– is the part that is very instrumental to combinatorial proofs.   

A combinatorial proof relies on different ways to count the same thing. The idea is that if there are 

two different ways of counting the same thing, then those two ways of counting must be equal. 
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This idea can be expressed using functions that have the same outcome: if 𝑓(𝑛) = 𝑋 and 𝑔(𝑛) =

𝑋, then 𝑓(𝑛) = 𝑔(𝑛). In this example, both 𝑓(𝑛) and 𝑔(𝑛) are methods to count to the value 𝑋. 

Mathematicians often find this method more intuitive, likely because counting is such an 

elementary form of math.  

One of the more well-known combinatorial proofs is as follows. When forming a class of n 

students, what are the number of possible ways to form this class? One way to approach this 

question would be to count classes based on the size of the class, i.e., the number of students. This 

is accomplished using the aforementioned binomial coefficients appearing in the form (
𝑛
𝑘

). Based 

on the definition of the n choose i notation and as shown in (17), binomial coefficients are used to 

count the number of terms in an expansion. In this case of students and classes, each term can be 

defined as a class with a certain student population. Therefore, there are (
𝑛
0

) classes with zero 

students, (
𝑛
1

) classes with one student, and (
𝑛
𝑘

) classes with k students. This means that the sum 

of all of these binomial coefficients is equal to the total number of ways to make a class. A 

mathematical way to represent this is 

(18) ∑ (
𝑛
𝑘

)𝑛
𝑘=0 = 𝑋, 

where 𝑋 is the number of ways to constitute a class. The next path to the solution would be to 

evaluate each student independently. For every student, there are two possible outcomes, in the 

class or out of the class. When there is a set number of outcomes in a system full of a set number 

of terms, the total number of possible combinations can be determined by raising the number of 

outcomes to the power of the number of terms. This method is distinctly related to the number of 

combinations for number locks.  
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In this example, the relationship can be expressed as  

(19) 2𝑛 = 𝑋, 

where, again, 𝑋 is the number of ways to make a class. Thus, if (18) and (19) were combined as 

according to the previously described procedure, the newly formed, and proven identity would 

appear as 

(20) ∑ (
𝑛
𝑘

)𝑛
𝑘=0 = 2𝑛.[2] 

Thanks to the efforts of Dr. Sullivan, a combinatoric formula in Riordan Array Proofs of Identities 

in Gould’s Book, an unpublished book provided by Dr. Sullivan, was found to be useful. This 

identity appears as: 

(21) 
𝑥𝑛+1−𝑦𝑛+1

𝑥−𝑦
= ∑ (𝑥 + 𝑦)𝑛−2𝑘 (

𝑛 − 𝑘
𝑘

) (−𝑧)𝑘
𝑛

2⁄

𝑘=0 . 

The proof for this formula shows that the two sides of (21) are ways to count the sum of coefficients 

of terms of two infinite series which are equal 

(22) [𝑡𝑛]
1

(1−𝑥𝑡)(1−𝑦𝑡)
= [𝑡𝑛]

1

1−𝑡[(𝑥+𝑦)−𝑥𝑦𝑡]
, 

where [𝑡𝑛] denotes the sum coefficients of terms up to 𝑡𝑛, thus (22) shows two different ways to 

factor the same fraction.  If the left-hand side of (22) were to be converted into an infinite series it 

would appear as 

(23) [𝑡𝑛]
1

(1−𝑥𝑡)(1−𝑦𝑡)
= ∑ (𝑥𝑡)𝑖 ∑ (𝑦𝑡)𝑗∞

𝑗=0
∞
𝑖=0  

(24)                               = ∑ ∑ 𝑥𝑖𝑦𝑗𝑡𝑖+𝑗∞
𝑗=0

∞
𝑖=0 . 

Now 𝑛 = 𝑖 + 𝑗 and the sum of coefficients can be written as  
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(25) [𝑡𝑛]
1

(1−𝑥𝑡)(1−𝑦𝑡)
= ∑ 𝑥𝑛−𝑗𝑦𝑗𝑛

𝑗=0  

(26)                               = 𝑥𝑛 ∑ (
𝑦

𝑥
)

𝑗
𝑛
𝑗=0  

(27)                               = 𝑥𝑛
1−(

𝑦

𝑥
)

𝑛+1

1−
𝑦

𝑥

 

(28)                               =
𝑥𝑛+1−𝑦𝑛+1

𝑥−𝑦
. 

A similar approach is taken for the right side of (22): 

(29) [𝑡𝑛]
1

1−𝑡[(𝑥+𝑦)−𝑥𝑦𝑡]
= ∑ 𝑡𝑗(𝑥 + 𝑦 − 𝑥𝑦𝑡)𝑗∞

𝑗=0  

(30)                                   = ∑ 𝑡𝑗 ∑ (
𝑗
𝑘

) (𝑥 + 𝑦)𝑗−𝑘(−𝑥𝑦)𝑘𝑡𝑖𝑗
𝑘=0

∞
𝑗=0  

(31)                                   = ∑ ∑ 𝑡𝑗+𝑘𝑗
𝑘=0

∞
𝑗=0 (

𝑗
𝑘

) (𝑥 + 𝑦)𝑗−𝑘(−𝑧)𝑘. 

Now, again, 𝑛 = 𝑗 + 𝑘 and the sum of coefficients can be written as 

(32) [𝑡𝑛]
1

1−𝑡[(𝑥+𝑦)−𝑥𝑦𝑡]
= ∑ (𝑥 + 𝑦)𝑛−2𝑘 (

𝑛 − 𝑘
𝑘

) (−𝑧)𝑘
𝑛

2⁄

𝑘=0 . 

Note that the boundary limit is 𝑛 2⁄  in (32) due to the boundary limits in (31). Combining (32), 

(28) and (22) will produce (21). From (21), a few simple steps can be taken to prove (3): 

(33) 
𝑥2𝑛−𝑦2𝑛

𝑥−𝑦
= ∑ (𝑥 + 𝑦)2𝑛−1−2𝑘 (

2𝑛 − 1 − 𝑘
𝑘

) (−𝑧)𝑘𝑛−1
𝑘=0  

(34) 
𝑥2𝑛−𝑦2𝑛

𝑥−𝑦
= ∑ (𝑥 + 𝑦)2𝑛−1−2𝑘 (

2𝑛 − 1 − 𝑘
𝑘

) (−𝑧)𝑘𝑛−1
𝑘=0  

(35) 
𝑥2𝑛−𝑦2𝑛

𝑥+𝑦
= ∑ (𝑥 − 𝑦)2𝑛−1−2𝑘 (

2𝑛 − 1 − 𝑘
𝑘

) (𝑧)𝑘𝑛−1
𝑘=0  

(36) 𝑥2𝑛 − 𝑦2𝑛 = (𝑥 + 𝑦) ∑ (
2𝑛 − 1 − 𝑘

𝑘
) 𝑧𝑘𝑛−1

𝑘=0  
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(37) 𝑥2𝑛 − 𝑦2𝑛 = (𝑥 + 𝑦) ∑ (
𝑛 + 𝑖

2𝑖 + 1
) 𝑧𝑛−𝑖−1𝑛−1

𝑖=0 . 

In (33), the operation 𝑛 → 2𝑛 − 1 was performed to have even powers. Note the that upper 

boundary limit of the sum is 𝑛 − 1 and not 𝑛 − 1
2⁄ ; this is because both limits provide the same 

integer upper bound. In (34) the 𝑦 → −𝑦 operation was performed in order to nicely cancel 

unwanted terms using (2). Note that the sign of 𝑦2𝑛 did not change since a negative number raised 

to an even power is positive. In the final step of (37) the index variable was swapped from 𝑘 to 𝑖 

for continuity and the operation 𝑖 → 𝑛 − 𝑖 − 1, known as reversing the sum, was performed. Note 

that (37) and (3) are identical equations. 

A similar process can be done to produce an equation for the odd powers: 

(38) 
𝑥2𝑛+1−𝑦2𝑛+1

𝑥−𝑦
= ∑ (𝑥 + 𝑦)2𝑛−2𝑘 (

2𝑛 − 𝑘
𝑘

) (−𝑧)𝑘𝑛
𝑘=0  

(39) 𝑥2𝑛+1 − 𝑦2𝑛+1 = ∑ [(𝑥 + 𝑦)2]𝑛−𝑘 (
2𝑛 − 𝑘

𝑘
) (−𝑧)𝑘𝑛

𝑘=0  

(40) 𝑥2𝑛+1 − 𝑦2𝑛+1 = ∑ (−1)𝑗(4𝑧 + 1)𝑛−𝑗 (
2𝑛 − 𝑗

𝑗
) 𝑧𝑗𝑛

𝑗=0  

(41) 𝑥2𝑛+1 − 𝑦2𝑛+1 = ∑ ∑ 4𝑖𝑧𝑖 (
𝑛 − 𝑗

𝑖
)

𝑛−𝑗
𝑖=0 (−1)𝑗 (

2𝑛 − 𝑗
𝑗

) 𝑧𝑗𝑛
𝑗=0  

(42) 𝑥2𝑛+1 − 𝑦2𝑛+1 = ∑ ∑ (−1)𝑗4𝑖 (
2𝑛 − 𝑗

𝑗
) (

𝑛 − 𝑗
𝑖

) 𝑧𝑖+𝑗𝑛−𝑗
𝑖=0

𝑛
𝑗=0 . 

In (38), (2) was used to remove the fraction on the left-hand side while the operation 𝑛 → 2𝑛 was 

also performed to obtain odd powers. In (40), the index variable was swapped from 𝑘 to 𝑗 for 

continuity and the expression (𝑥 + 𝑦)2 was evaluated using (2). In (41), (4𝑧 + 1)𝑛−𝑗 was 

expanded using (16). It should be noted that while (42) and (4) are similar, there are a few 

variances.  
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There are, in fact, five major differences between (42) and (4). The upper limits for the double 

sums are different. The limits for (42) indicate more terms in the summations than in (4). The non-

binomial coefficients are vastly different; (42) contains (−1)𝑗 which indicates that it is an 

alternating sum, likely accounting for need for more summation terms. The binomial coefficients 

are also different. The coefficients in (4) actually equate to a trinomial coefficient, discussed later, 

while the coefficients in (42) do not. The terms used to calculate powers of 𝑧 are also different, 

but can be manipulated to be more alike. The final difference is that (4) has a +1 term before the 

double sum while (42) does not. This is likely because the +1 term in (42) is always appears when 

𝑗 = 0 and 𝑖 = 0.  

 

Discussion 

Binomial and Trinomial Coefficients 

While it is clear that binomial coefficients are instrumental to both the equations studied in this 

work and combinatorial proofs, there is a further intricacy about (4) known as a trinomial 

coefficient. Trinomial coefficients are defined as  

(43) (
𝑚
𝑖

) (
𝑛
𝑚

) =
𝑛!

𝑖!(𝑚−𝑖)!(𝑛−𝑚)!
. 

Note that the binomial coefficients in (4) take the same form as the left-hand side of (43). This 

new definition of numbers is related to a trinomial expansion, (𝑎 + 𝑏 + 𝑐)𝑛, as opposed to a 

binomial expansion, (𝑎 + 𝑏)𝑛. While the binomial coefficients organized themselves into a 2D 

triangle, Pascal’s Pyramid, see Figure 1, the trinomial coefficients become a 3D shape known as 

Pascal’s Pyramid (sometimes called Pascal’s Tetrahedron), see Figure 2.[8] Trinomial coefficients 
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are much more complex than binomial coefficients. It is surely possible that Pascal’s Pyramid 

could hold the secrets to not only proving, but fully understanding equation (4).  

Visuals and the Base Cases 

When dealing with complicated math, it can often be difficult to fully realize what is happening. 

Fortunately, due to the nature of these equations, there are many visual aids useful to 

understanding. One such idea deals with the base cases which are  

(44) 𝑥2 − 𝑦2 = 𝑥 + 𝑦 and 

(45) 𝑥3 − 𝑦3 = 1 + 3𝑥𝑦. 

The left-hand side of these equations is often referred to as the difference of squares and the 

difference of cubes, respectively. This is because 𝑥2 describes a physical square and 𝑥3 describes 

a physical cube. Using actual squares and cubes to visualize the difference of squares and cubes is 

a common tool for visualization, see Figure 3.[1] The same idea can be used to visualize (44) and 

(45), see Figures 4, 5, 6, & 7. These pictures utilize the sandbox video game, Minecraft, to produce 

2D and 3D diagrams of (44) and (45). Figure 4 shows (44) in its normal form while Figure 5 

shows an overlay to better see how the two sides are equal. Figure 6 shows (45) in an expanded 

form; it should be noted that 3𝑥𝑦 is the same as 𝑥𝑦 + 𝑥𝑦 + 𝑥𝑦. This is shown by having three 

rectangles with side lengths x and y with the addition of the cyan-colored block serving as the +1 

term. Figure 7 again shows an overlay to aid in visualizing how the two are equal but also shows 

how each 𝑥𝑦 has its own rotation to fit together like 3D puzzle pieces to form the original cube. 

Each of these photos helps to demonstrate what is actually happening in the most basic cases, 

allowing for the understanding of what should happen when n is increased to reach higher powers 

and, subsequently, higher dimensions.  
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Applications 

While providing visual aids is fairly easy, finding applications is not as straightforward. As of now, 

the only known applications are related to number theory problems. For now, the three known 

applications are involved with the Pythagorean Theorem, the sum of three cubes, and Mersenne 

Primes.  

The Pythagorean Theorem, 𝑎2 + 𝑏2 = 𝑐2, can be arranged in such a way to lend itself to be of the 

same form as (44). This is accomplished as such 

(46) 𝑎2 = 𝑐2 − 𝑏2. 

From here, the assumption that 𝑐 − 𝑏 = 1 is made, leading to the application of (44). This results 

in the interesting identity 

(47) 𝑎2 = 𝑐 + 𝑏, 

which describes a very specific set of Pythagorean triples – three whole numbers that satisfy the 

Pythagorean Theorem. This is not particularly useful, firstly, because there are equations that have 

already been fully solved for every Pythagorean triple, and secondly, because Pythagorean triples 

are not particularly applicable in and of themselves. However, it is interesting nonetheless. In fact, 

it is very easy to see how this equation produces its own subset of Pythagorean triples, where 𝑎 is 

odd and 𝑐 − 𝑏 = 1: 

(48) 112 = 61 + 60. 

The next is an application is of (45) to the number theory problem called the sum of three cubes. 

The problem is to represent an integer, n, as the sum of three cubes; the mathematical equation is 

(49) 𝑎3 + 𝑏3 + 𝑐3 = 𝑛.[7] 
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For (45) to be applied, a few manipulations must take place. The first manipulation is the 

assumption that 𝑏 < 0, meaning that b is negative. This allows the cube of b to be rewritten, as in 

(50), and the substitution to be implemented into (49), creating (51) 

(50) 𝑏3 = −|𝑏|3, 

(51) 𝑎3 − |𝑏|3 + 𝑐3 = 𝑛. 

There are now two ways to group the terms such that fundamental assumption can be made; either 

(52) (𝑎3 − |𝑏|3) + 𝑐3 = 𝑛, or 

(53) 𝑎3 − (|𝑏|3 − 𝑐3) = 𝑛. 

Because these two groupings are formed, two different corresponding assumptions can be made, 

which are 𝑎 − |𝑏| = 1 or |𝑏| − 𝑐 = 1 and will lead to the equations 

(54) 1 + 3𝑎|𝑏| + 𝑐3 = 𝑛, and  

(55) 𝑎3 − 1 − 3|𝑏|𝑐 = 𝑛. 

As previously stated, this particular application is likely more useful than the previous. This is not 

because the sum of three cubes is an applicable concept, but rather because it is still mostly 

unsolved. There are many values of n between 100 and 1000 which should be able to be 

represented as the sum of three cubes, but the corresponding values of a, b, and c have yet to be 

found. It is possible that by applying (54) and (55) the solutions to the unsolved portion of this 

problem could be achieved quicker. 

The Final and possibly most interesting application is that of Mersenne Primes. Mersenne Primes, 

often denoted as 𝑀𝑝, are prime numbers that take the form 

(56) 𝑀𝑝 = 2𝑝 − 1, 
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where 𝑝 is a prime number. It should be noted not every value of 𝑝 will produce an actual prime 

number. For instance: 

(57) 𝑀11 = 211 − 1 = 2047 = 23 × 89. 

Mersenne Primes are used to find the largest known primes. There are 51 known Mersenne Primes, 

the largest being 𝑀82,589,933.[3]  

The work in this paper becomes applicable when (56) is rewritten as 

(58) 𝑀𝑝 = 2𝑝 − 1𝑝. 

Now, the requirements 𝑥 and 𝑦 being raised to the same power as well as the assumption of (2) 

are satisfied with 𝑧 = 2 and 𝑝 = 2𝑛 + 1. The odd formula is used since 2 is the only even prime. 

This leads to the equations 

(59) 𝑀𝑝 = 1 + ∑ ∑
𝑝

2𝑗+1
(

2𝑗 + 𝑖
𝑖

) (
𝑝−2𝑗−3

2

2𝑗 + 𝑖
) 2

𝑝−2𝑗−2𝑖−1

2

𝑝−6𝑗−3

2

𝑖=0

𝑝−3

6

𝑗=0
 

(60) 𝑀𝑝 = ∑ ∑ (−1)𝑗4𝑖 (
𝑝 − 𝑗 − 1

𝑗
) (

𝑝−2𝑗−1

2

𝑖
) 2𝑖+𝑗

𝑝−2𝑗−1

2

𝑖=0

𝑝−1

2

𝑗=0
 

depending on if equation (4) or (42) is used. This could be useful when checking the primality of 

these large numbers as it reduces the prime to a series of additions rather than a large 

multiplication.  

Future Works 

There are four major pathways to be explored for future work on this topic. If it can be shown that 

(4) and (42) are equivalent equations it would allow the difference of two numbers raised to the 
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same odd power to be written using (4) instead of (42). As it stands now (42) is a proven way to 

write the difference, but it would be more useful to use (4) as it uses less terms in the summation.  

Additionally, one of the major points of mathematics is that once a rule is made, what happens if 

it is broken. It would be interesting to explore the patters that arise when 𝑥 − 𝑦 ≠ 1. Perhaps the 

work done here can be used to describe these patterns or perhaps this path is redundant and simply 

leads back to other simplifications already discovered.  

While Pascal’s Triangle is a deeply studied and well understood topic, Pascal’s Pyramid is much 

less so studied. It could prove useful to dive further into the pyramid and see if resulting ideas with 

trinomial coefficients will provide insight into understanding (4). 

Finally, the current formulas are set to explore integer values of 𝑛. But as Newton discovered, 

Pascal’s Triangle contains negative and fractional rows. These rows of the triangle are directly 

related to the 𝑛 powers being studied with this work and thus it could lead to interesting discoveries 

when 𝑛 is not a positive integer.  

 

Conclusion 

As a whole, this work exists to explore how a single, basic assumption impacts an elementary math 

equation. After obtaining a general understanding of the formulas themselves, it becomes clear 

that proofing techniques, such as mathematical induction and combinatorial proofs, are necessary 

tools in this conquest. These methods lead to the finished proof of (3), but many questions still 

linger around (4). Furthermore, well-known topics such as binomial coefficients and Pascal’s 

Triangle lead to less traversed but more complex ideas such as trinomial coefficients and Pascal’s 
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Pyramid. The popular sandbox video game, Minecraft, provides a map to understanding the work 

at the most basic level and gives insight into its implications in higher dimensions. Finally, 

apparent applications of the equations involve well-known topics such as Pythagorean triples, the 

sum of three cubes, and Mersenne Primes. Finally, the work accomplished by this project proceeds 

to ask questions, inciting the need for future works. In conclusion, this work explores the curious 

patterns that arise when attempting to answer the question, “what happens when 𝑥 − 𝑦 = 1?” 
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Appendix A  

Figure 1: Pascal’s Triangle[5] 

 

Figure 2: Pascal’s Pyramid[4] 

 

Figure 3: Difference of Squares[1] 
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Figure 4: Minecraft Visual (1) 

 

Figure 5: Minecraft Visual (2) 
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Figure 6: Minecraft Visual (3) 

 

Figure 7: Minecraft Visual (4) 
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Appendix B 

(1) 𝑥𝑛 − 𝑦𝑛 = (𝑥 − 𝑦) ∑ (𝑥𝑛−𝑖𝑦𝑖)𝑛
𝑖=0  

(2) 𝑥 − 𝑦 = 1 

(3) 𝑥2𝑛 − 𝑦2𝑛 = (𝑥 + 𝑦) ∑ (
𝑛 + 𝑖

2𝑖 + 1
) 𝑧𝑛−𝑖−1𝑛−1

𝑖=0  

(4) 𝑥2𝑛+1 − 𝑦2𝑛+1 = 1 + ∑ ∑
2𝑛+1

2𝑗+1
(

2𝑗 + 𝑖
𝑖

) (
𝑛 − 𝑗 − 1

2𝑗 + 𝑖
) 𝑧𝑛−𝑗−𝑖𝑛−3𝑗−1

𝑖=0

𝑛−1

3

𝑗=0
 

(5) 𝑥2𝑛 − 𝑦2𝑛 = 𝑃(𝑛) 

(6) 𝑥2 − 𝑦2 = 𝑃(1) = 𝑥 + 𝑦 

(7) 𝑥2𝑘 − 𝑦2𝑘 = 𝑃(𝑘) 

(8) 𝑥2(𝑘+1) − 𝑦2(𝑘+1) = 𝑃(𝑘 + 1) 

(9) 𝑥2(𝑘+1) − 𝑦2(𝑘+1) − (𝑥2𝑘 − 𝑦2𝑘) = (𝑥2𝑘+2 − 𝑥2𝑘) − (𝑦2𝑘+2 − 𝑦2𝑘) 

(10)                                                               = 𝑥2𝑘(𝑥2 − 1) − 𝑦2𝑘(𝑦2 − 1) 

(11)                                                               = 𝑥2𝑘(𝑥𝑦 + 𝑦) − 𝑦2𝑘(𝑥𝑦 − 𝑥) 

(12)                                                               = 𝑥2𝑘(𝑥𝑦 − 𝑥) − 𝑦2𝑘(𝑥𝑦 − 𝑥) + 𝑥2𝑘(𝑥 + 𝑦) 

(13) 𝑥2(𝑘+1) − 𝑦2(𝑘+1) − (𝑥2𝑘 − 𝑦2𝑘) = (𝑥2𝑘 − 𝑦2𝑘)(𝑦2 − 1) + 𝑥2𝑘(𝑥 + 𝑦) 

(14)                             𝑥2(𝑘+1) − 𝑦2(𝑘+1) = y2 × (𝑥2𝑘 − 𝑦2𝑘) + 𝑥2𝑘(𝑥 + 𝑦). 

(15) (
𝑛
𝑖

) =
𝑛!

𝑖!(𝑛−𝑖)!
 

(16) (𝑎 + 𝑏)𝑛 = ∑ (
𝑛
𝑖

)𝑛
𝑖=0 𝑎𝑖𝑏𝑛−𝑖 

(17) (𝑎 + 𝑏)2 = 𝑏2 + 2 × 𝑎𝑏 + 𝑎2 

(18) ∑ (
𝑛
𝑘

)𝑛
𝑘=0 = 𝑋 

(19) 2𝑛 = 𝑋 

(20) ∑ (
𝑛
𝑘

)𝑛
𝑘=0 = 2𝑛 

(21) 
𝑥𝑛+1−𝑦𝑛+1

𝑥−𝑦
= ∑ (𝑥 + 𝑦)𝑛−2𝑘 (

𝑛 − 𝑘
𝑘

) (−𝑧)𝑘
𝑛

2⁄

𝑘=0  

(22) [𝑡𝑛]
1

(1−𝑥𝑡)(1−𝑦𝑡)
= [𝑡𝑛]

1

1−𝑡[(𝑥+𝑦)−𝑥𝑦𝑡]
 

(23) [𝑡𝑛]
1

(1−𝑥𝑡)(1−𝑦𝑡)
= ∑ (𝑥𝑡)𝑖 ∑ (𝑦𝑡)𝑗∞

𝑗=0
∞
𝑖=0  

(24)                               = ∑ ∑ 𝑥𝑖𝑦𝑗𝑡𝑖+𝑗∞
𝑗=0

∞
𝑖=0  

(25) [𝑡𝑛]
1

(1−𝑥𝑡)(1−𝑦𝑡)
= ∑ 𝑥𝑛−𝑗𝑦𝑗𝑛

𝑗=0  

(26)                               = 𝑥𝑛 ∑ (
𝑦

𝑥
)

𝑗
𝑛
𝑗=0  

(27)                               = 𝑥𝑛
1−(

𝑦

𝑥
)

𝑛+1

1−
𝑦

𝑥

 

(28)                               =
𝑥𝑛+1−𝑦𝑛+1

𝑥−𝑦
. 

(29) [𝑡𝑛]
1

1−𝑡[(𝑥+𝑦)−𝑥𝑦𝑡]
= ∑ 𝑡𝑗(𝑥 + 𝑦 − 𝑥𝑦𝑡)𝑗∞

𝑗=0  

(30)                                   = ∑ 𝑡𝑗 ∑ (
𝑗
𝑘

) (𝑥 + 𝑦)𝑗−𝑘(−𝑥𝑦)𝑘𝑡𝑖𝑗
𝑘=0

∞
𝑗=0  
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(31)                                   = ∑ ∑ 𝑡𝑗+𝑘𝑗
𝑘=0

∞
𝑗=0 (

𝑗
𝑘

) (𝑥 + 𝑦)𝑗−𝑘(−𝑧)𝑘 

(32) [𝑡𝑛]
1

1−𝑡[(𝑥+𝑦)−𝑥𝑦𝑡]
= ∑ (𝑥 + 𝑦)𝑛−2𝑘 (

𝑛 − 𝑘
𝑘

) (−𝑧)𝑘
𝑛

2⁄

𝑘=0  

(33) 
𝑥2𝑛−𝑦2𝑛

𝑥−𝑦
= ∑ (𝑥 + 𝑦)2𝑛−1−2𝑘 (

2𝑛 − 1 − 𝑘
𝑘

) (−𝑧)𝑘𝑛−1
𝑘=0  

(34) 
𝑥2𝑛−𝑦2𝑛

𝑥−𝑦
= ∑ (𝑥 + 𝑦)2𝑛−1−2𝑘 (

2𝑛 − 1 − 𝑘
𝑘

) (−𝑧)𝑘𝑛−1
𝑘=0  

(35) 
𝑥2𝑛−𝑦2𝑛

𝑥+𝑦
= ∑ (𝑥 − 𝑦)2𝑛−1−2𝑘 (

2𝑛 − 1 − 𝑘
𝑘

) (𝑧)𝑘𝑛−1
𝑘=0  

(36) 𝑥2𝑛 − 𝑦2𝑛 = (𝑥 + 𝑦) ∑ (
2𝑛 − 1 − 𝑘

𝑘
) 𝑧𝑘𝑛−1

𝑘=0  

(37) 𝑥2𝑛 − 𝑦2𝑛 = (𝑥 + 𝑦) ∑ (
𝑛 + 𝑖

2𝑖 + 1
) 𝑧𝑛−𝑖−1𝑛−1

𝑖=0  

(38) 
𝑥2𝑛+1−𝑦2𝑛+1

𝑥−𝑦
= ∑ (𝑥 + 𝑦)2𝑛−2𝑘 (

2𝑛 − 𝑘
𝑘

) (−𝑧)𝑘𝑛
𝑘=0  

(39) 𝑥2𝑛+1 − 𝑦2𝑛+1 = ∑ [(𝑥 + 𝑦)2]𝑛−𝑘 (
2𝑛 − 𝑘

𝑘
) (−𝑧)𝑘𝑛

𝑘=0  

(40) 𝑥2𝑛+1 − 𝑦2𝑛+1 = ∑ (−1)𝑗(4𝑧 + 1)𝑛−𝑗 (
2𝑛 − 𝑗

𝑗
) 𝑧𝑗𝑛

𝑗=0  

(41) 𝑥2𝑛+1 − 𝑦2𝑛+1 = ∑ ∑ 4𝑖𝑧𝑖 (
𝑛 − 𝑗

𝑖
)

𝑛−𝑗
𝑖=0 (−1)𝑗 (

2𝑛 − 𝑗
𝑗

) 𝑧𝑗𝑛
𝑗=0  

(42) 𝑥2𝑛+1 − 𝑦2𝑛+1 = ∑ ∑ (−1)𝑗4𝑖 (
2𝑛 − 𝑗

𝑗
) (

𝑛 − 𝑗
𝑖

) 𝑧𝑖+𝑗𝑛−𝑗
𝑖=0

𝑛
𝑗=0  

(43) (
𝑚
𝑖

) (
𝑛
𝑚

) =
𝑛!

𝑖!(𝑚−𝑖)!(𝑛−𝑚)!
 

(44) 𝑥2 − 𝑦2 = 𝑥 + 𝑦 

(45) 𝑥3 − 𝑦3 = 1 + 3𝑥𝑦 

(46) 𝑎2 = 𝑐2 − 𝑏2 

(47) 𝑎2 = 𝑐 + 𝑏 

(48) 112 = 61 + 60 

(49) 𝑎3 + 𝑏3 + 𝑐3 = 𝑛 

(50) 𝑏3 = −|𝑏|3 

(51) 𝑎3 − |𝑏|3 + 𝑐3 = 𝑛 

(52) (𝑎3 − |𝑏|3) + 𝑐3 = 𝑛  

(53) 𝑎3 − (|𝑏|3 − 𝑐3) = 𝑛 

(54) 1 + 3𝑎|𝑏| + 𝑐3 = 𝑛 

(55) 𝑎3 − 1 − 3|𝑏|𝑐 = 𝑛 

(56) 𝑀𝑝 = 2𝑝 − 1 

(57) 𝑀11 = 211 − 1 = 2047 = 23 × 89 

(58) 𝑀𝑝 = 2𝑝 − 1𝑝 

(59) 𝑀𝑝 = 1 + ∑ ∑
𝑝

2𝑗+1
(

2𝑗 + 𝑖
𝑖

) (
𝑝−2𝑗−3

2

2𝑗 + 𝑖
) 2

𝑝−2𝑗−2𝑖−1

2

𝑝−6𝑗−3

2

𝑖=0

𝑝−3

6

𝑗=0
 

(60) 𝑀𝑝 = ∑ ∑ (−1)𝑗4𝑖 (
𝑝 − 𝑗 − 1

𝑗
) (

𝑝−2𝑗−1

2

𝑖
) 2𝑖+𝑗

𝑝−2𝑗−1

2

𝑖=0

𝑝−1

2

𝑗=0
 


